The problem of accurate calculation of eigenfrequencies in resonators of complex geometry is not only fundamental but also has many practical applications. In particular, a possibility for calculating the eigenfrequencies and geometry dependent dispersion of whispering gallery modes is important for optimization of dielectric microresonator-based Kerr frequency combs. In this case, the required anomalous second-order dispersion may be controlled by means of small shape variations of the resonator. Unfortunately, all uniform approximations for the eigenfrequencies do not reach the required precision for this purpose. We propose new approximations for spheroids, quartics, and toroids with better precision, which also allow for the estimation of the second-order dispersion. We also obtain analytical expressions for field distribution in microresonators and investigate the possibility of achieving better approximations by combining analytical and numerical methods.
INTRODUCTION
Optical high-Q microresonators with whispering gallery modes (WGMs) first demonstrated in 1989 [1] have been getting a plethora of applications during the last two decades [2, 3] . However, a sphere is the only type of dielectric cavity with electromagnetic WGM that provides exact analytical solutions for the eigenmodes and eigenfrequencies [4, 5] . The development of toroidal [6, 7] , disk [8] and bottle-shaped [9] high-Q resonators made of different materials has stimulated an interest in the methods of analytical asymptotic estimates of the frequencies and the field distribution of the modes in arbitrary convex bodies of rotation. Though numerical simulations, in particular the finite element method (FEM) [10] , are becoming more and more handy during the last years, they cannot always substitute for desirable analytical formulas.
In several applications of optical microresonators, particularly for Kerr frequency comb generation [11] [12] [13] [14] , a possibility for calculating accurately the eigenfrequencies and their geometry dependent dispersion is an important prerequisite for device optimization. It was recently demonstrated [15] , that narrowband frequency combs on transversal modes may also be interesting. In these combs, unlike the case of traditional microresonator combs on equatorial longitudinal modes [16] , the anomalous group velocity dispersion (GVD), required for the natural process of the comb formation, may be controlled more easily. Decreasing combined material and geometrical second-order material dispersion by changing the resonator shape, one can reduce the threshold power for comb generation.
Spheroidal geometry can fit the form of most types of whispering gallery resonators that are in use today. In principle, for this geometry, one can approximate eigenfrequencies using spheroidal functions, which are the eigenfunctions of a spheroid in the scalar case. However, in spite of the fact that these functions are heavily treated in literature, no appropriate uniform approximations were found when simultaneously mode indexes m; l, and c kd∕2 (k is the wavenumber, d is the focal distance) are large and of the same order. That is why we apply quasi-classical methods that can give quite accurate approximations for the frequencies and geometrical dispersion of fundamental and transversal modes of oblate and prolate spheroids. Though electrodynamical modes are described by vector Helmholtz equation, we are considering solutions of the scalar Helmholtz equation here. For WGMs only one component of the electrical field is usually dominating and that is why the scalar solution usually provides a quite good approximation, which is confirmed by numerical simulations.
It was proposed [15] that a small modification of the form that can be described by adding a quartic term in the equation for the surface,
which we call henceforth quartic, can control the dispersion of the families of transversal modes (a is the equatorial and b is the polar semiaxis, and μ is a small parameter of the perturbed spheroid). Among all asymptotic methods, we choose a variant of the Wentzel-Kramers-Brillouin (WKB) and Einstein-BrillouinKeller (EBK) methods for their physical clarity. Though they are based on the same ground principle of quasi-classical quantization, they give slightly different results. We derive approximations and then compare their precision.
WKB METHOD FOR ARBITRARY AXISYMMETRIC BODIES
To find the eigenfrequencies in axisymmetric cavities Sumetsky [17] suggested a method based on the quasiclassical quantization of the transversal wavenumber β. An analogous method was considered earlier [6] . In the adiabatic approximation when the curvature of the convex surface boundary, described in polar coordinates as ρ s z, varies slowly as compared to wavelength along the z axis and β ≪ k, the field distribution for the basic field component may be approximately described as
where m is the azimuthal index showing the number of field maxima or minima around the resonator in the equatorial plane. In the geometrical limit for a fundamental WGM in this plane, m equals the number of wavelengths λ in the circumference (m → 2πρ s 0n∕λ nk 0 a ka, where n is refractive index, k 0 is wavenumber in vacuum). The aim of this paper is to find simple approximations for the resonant frequencies in whispering gallery microresonators. For convenience, we scale these frequencies further on to approximate the dimensionless valueỹ nk 0 a naω∕c (c is speed of light). In this way, in the zero-order approximationỹ ≈ m and we are looking for corrections of this basic approximation in the series over 1∕m. Substituting Eq. (2) in the Helmholtz equation in cylindrical coordinates we get ρ s ỹ mq T mq , with T mq being the root q (the number of field intensity maxima inside the cavity) of the Bessel function J m T mq 0 and a being the constant radius of the infinite cylinder. In [17] the solution for the dielectric cylinder, instead of T mq , was used. It was shown, however, [18] that in the short wavelength approximation, in the case of nearly grazing total internal reflection, the dielectric boundary may be substituted by a fictitious boundary with Dirichlet conditions placed at a distance ∼λ∕2π from the real one. This approach allows for uncoupling of the problem of dielectric boundary and the problem of eigenvalues. Corrections for dielectric boundaries may be accounted for in this way, afterward.
Using the Bohr-Sommerfeld quantization we can write:
where z 1 and z 2 are the turning points for which βz turns to zero. Index p shows the number of field intensity maxima minus one along the z axis, in polar coordinates. The index l m p is also frequently used, showing in the quasiclassical limit the number of wavelengths per one geodetic roundtrip loop (not an obligatory closed one). We now try to apply this WKB method to a concave quartic surface of revolution, substituting Eq. (1) into Eq. (4) and solving for the turning points. Let the form of the quartic surface in the area of mode localization be concave, so that only two roots are possible,
With the decomposition of Bessel rootsỹ mq T mq (Appendix A) and the transformation from azimuthal index to angular index m l − p, for more convenient comparison with known solutions and to see dispersion of transversal modes having the same l index, we finally obtain:
where α q are the negative qth roots of the Airy function α q ≃ −2.3381; −4.0879; −5.5206; …. We can check Eq. (9) with the exact solution for a closed sphere (a b, y lpq T l1∕2;q ).
It can be seen that the fifth term proportional to l −2∕3 is wrong because in a sphere the modes with the same l and q are degenerate and there should be no dependency on p. This makes the next term doubtful. However, the first part of the last sixth term proportional to l −1 and independent on p is correct, while the last part of it also suffers from the same deficiency as the fifth term.
EINSTEIN-BRILLOUIN-KELLER QUANTIZATION
It was demonstrated [18, 19] that the method of eikonal and quasi-classical EBK quantization [20] can produce very accurate asymptotic formulas for eigenfrequencies in spheroidal bodies. We expand and discuss below our previous results for spheroids and apply them for the case of a quartic surface [Eq. (1)].
A. Spheroid Case
The details of the derivation are given in our previous papers [19, 18] . We use the same conventions for prolate and oblate coordinate systems as in [21, 22] but introduce a sign parameter s to get a unified spheroidal coordinate system without complex coordinates:
Parameter s is equal to 1 for an oblate spheroidal system for which ξ ∈ 1; ∞ determines prolate spheroids and η ∈ −1; 1 describes orthogonal to spheroids double-sheeted hyperboloids of revolution. Consequently, s −1 gives birth to oblate spheroids for ξ ∈ 0; ∞ and single-sheeted hyperboloids. The eikonal equation for the function Sξ; η (which provides a solution for the scalar or vector field in the form Aξ; ηe ik 0 S ) is separable into spheroidal coordinates. The quantization suggested by Keller leads to the following three equations:
We have to solve this system to find caustic surfaces η c , ξ c and finally dimensionless eigenvalues (normalized eigenfrequencies)ỹ k 0 na. Here, ξ s 2b∕d is the surface of a spheroid and ζ 2 ξ 2 − ξ 2 s ∕ξ 2 s − 1 is a small parameter, substituting ξ. Integers p ≥ 0, q > 1 and m determine the mode.
Assuming that ζ c ≪ 1 and η c ≪ 1 we can expand the integrals into a series and integrate them. Searching ζ c , η c as a series over m∕2 −1∕3 and, finally, substituting these solutions into the last equation we can getỹ:
Here,
is the quasi-classical approximation of the Airy function roots α q and that is why it can be substituted by the latter. In our previous considerations we ignored the last sixth term proportional to m∕2 −1 as it deviates from the known term for a sphere, when a b: α 3 q 10∕1400m∕2 −1 , thus assuming that the limit of the eikonal approximation is reached. However, the difference is very small, 1∕70m, and when a ≠ b other parts of the term dominate. This difference only appears due to the fourth term in the radial decomposition ζ c , however the term of interest with 2p 1 2 dependence originates from the angular part and the third term in the η c decomposition.
B. Quartic Case
In [3, 18] a generalization was proposed for an arbitrary body of revolution. If in such a closed cavity, with Dirichlet boundary conditions, two parameterized families of caustic surfaces are determined by rotating curves ρ g c z and ρ h c z (in spheroids, determine caustic spheroids and hyperboloids of revolution), then the caustic parameters and the eigenfrequencies may be found from the system of equations:
where ρ c g c z c h c z c is the radius where caustic surfaces cross each other, and z s corresponds to the crossing of the second caustic surface with the surface of the cavity. The problem of determining caustic families g c and h c is not a trivial one, in the general case. However, to find an additional term proportional to 2p 1 2 and dependent on μ in a quartic body of rotation, we assume that
Using the first integral in Eqs. (13) , with the substitution of z z c η c sin ψ and taking into account the third equation, we can apply the same method of series expansion as for spheroids. We can get then the equation for the quartic analogous to the first equation in Eqs. (12):
Note that, unlike Eqs. (12), here we have caustic dimensions a c and b c instead of surface parameters a and b. These caustic dimensions can be determined [hence producing the second term in square brackets in first equation of Eqs. (12)] only after resolving the second equation in Eqs. (13) . We avoid, however, this step here, using previous results for a spheroid. Finally, assuming for the last term only, that a c ≈ a, b c ≈ b, and μ c ≈ μ after the substitution of Eq. (14) inỹ ma∕ρ c and β q → α q , we obtain:
Decomposition in terms of index m is usually a bit shorter and more convenient for practical applications such as traditional frequency combs or when comparing approximations with numerical FEM simulations (reduced to 2D for a given m). For the transversal combs we again transform this new approximation to l and p indexes.
Substituting m l − p and fitting our approximation to a known term for a sphere α 3 q 10∕1400m∕2 −1 we get
To account for dielectric boundary conditions on the dielectric surface, additional terms should be added [19] :
with P 1 for TE modes and P 1∕n 2 for TM modes. The term δy s may be conveniently related to the Dirichlet problem with shifted effective boundaryā a δy s λ∕2πn. Approximation (16) does not have the problems noted for Eq. (9). The fifth term has correct l and p dependencies. In this way, the last significant term in the asymptotic can be used to calculate the dispersion of transversal modes and it coincides with the term, obtained earlier [15] when b∕a → ∞, but moreover it correctly turns to zero for a sphere when b a and μ 0. This approximation also converges to the solution for a cylinder when b → ∞ (Appendix A). That is why we assume that this new approximation can be more precise and may be used in particular for the estimates of dispersion.
C. Toroid Case
As toroidal resonators [7] are now widely used we apply the EBK approach in an attempt to find the eigenfrequencies for this geometry.
The first approximation can easily be obtained from Eq. (15) by fitting a toroid with larger and smaller radii, correspondingly, R and r, with a quartic:
For a toroidal cavity with Dirichlet boundary conditions, we assume (quite arbitrary and strictly speaking incorrectly) that the two families of caustic surfaces coincide with toroidal coordinate surfaces ( [23] ). The first family, g c z R c − r c r 2 c − z 2 p , determines inner toroids with outer radius R c and generating circle radii r c . The second family is spheres
, where R sph is the sphere radius, h sph is its displacement above the z 0 plane, and f RR − 2r p is the distance between the toroidal coordinates foci. R sph and h sph can be found using the properties of toroidal coordinate systems,
Substituting the expressions for a toroidal resonator in Eqs. (13) we can solve them introducing the small parameters η z 2 c ∕r c and ξ R 2 − R 2 c ∕R 2 c , obtaining an approximation for eigenfrequencies. Surprisingly, the final expression coincides with Eq. (19) in all terms except the numerical prefactor in the fifth term, which is −5∕24 instead of −1∕12. As this doubtful term is preserved when the toroid turns to a sphere at R r, we suppose that the new approximation fails the check and propose Eq. (13) 
NUMERICAL CHECKS
The results of calculation using approximation (16) as compared to numerical FEM modeling of WGMs in a spheroid (analogous to [10] ) are shown in Fig. 1 . On this plot graphics of the relative approximation errors for four different modes are shown, depending on the oblateness (b∕a 1 corresponds to the case of a sphere, b∕a > 1 to a prolate and b∕a < 1 to oblate spheroids). We consider that the precision of the achieved FEM simulation was, in general, significantly better than our approximations. This was tested by changing the mesh size and for simulation of modes in an ideal sphere, where the eigenfrequencies may be easily calculated with any given precision. Nonsmoothness of the curves in a logarithmic scale is attributed mostly to the fact that the relative errors may cross zero at some point. As can be seen from the figure, the approximations are very precise for prolate and slightly oblate spheroids, but unfortunately behave poorly for very oblate spheroids, when a∕b > m 1∕3 . The reason, as it looks, is the inconvenience of oblate spheroidal coordinate system for very oblate geometries when the focal points are very close to the surface. In this case, caustics in ξ c disappear and two additional zeros η c emerge.
The new terms in approximation obtained in this paper also provide additional growth of precision up to 50%-70% for the parameters used. The free spectral range (FSR) and dispersion of fundamental modes can be found by just taking first and second derivatives of approximation (16) over m. The dispersion of transversal modes will be discussed further.
To check the validity of the new approximation we also calculated numerically the dispersion parameters of the transversal modes and compared these parameters with analytical estimations:
To check the obtained equations we made a numerical model using the COMSOL Multiphysics finite element package for a closed spheroid and the scalar Helmholtz equation. We approximated quartic surfaces using Bezier curves determined by four points in r; z plane:
The results of the simulation for m 100, q 1, a∶b 1∶2, obtained and averaged for 6 subsequent values of p 0.5 are shown in Table 1 .
To test the errors in the scalar model, we also calculated the parameters d 1 ≃ −0.529, and d 2 ≃ 16 × 10 −3 , for a spheroidal fused silica resonator (μ 0) using a complete vectorial FEM simulation with COMSOL Multiphysics. The results agree reasonably well with the scalar model, especially if we take into account that the equivalent radius of the dielectrical cavity is larger than its actual radius. We also repeated the same calculations for m 500 and found the suppression of the dispersion for μ a 2 − b 2 ∕3 −1∕4 of more than 20 times as compared to a spheroid. In conclusion, the idea of engineering spectra in microresonators with quartic surfaces [15] is analytically and numerically confirmed.
FIELD DISTRIBUTION
If the solution of the eikonal equation determining the phase of the function is found, then the amplitude part in the firstorder of approximation may be found quite easily using the transfer equation [20] .
Namely, for spheroidal functions:
Rξ; c ≃ C ξ λ − c 2 ξ 2 ξ 2 − s sm 2 1∕4 e ik 0 S c:c:;
e ik 0 S c:c:;
Analogous equations for a sphere or cylinder lead to the well-known Debye approximations of the Bessel functions. The field localization and, hence, effective volume may be also estimated from the approximations for caustic surfaces.
Together with the surface of the resonator, these caustic surfaces provide effective boundaries for the field. The problem with this approach is that it leads to approximations through elliptical integrals. Simpler approximations may be used if the field distribution adiabatically follows the surface, reproducing the field distribution in a WGM of a cylinder [3] . These approximations follow from the WKB method in Section 1. For the fundamental mode we get:
whereā a P∕γ is the effective radius,b ar − Δ ρ p with Δ ρ a − a m ≃ 1.05am −2∕3 being the distance of the field maximum from the boundary, P 1 for TE modes and P 1∕n 2 for TM modes, γ n 2 − 1 p k 0 , χ z for TE and χ ρ for TM modes. For modes with p ≠ 1 we can use in z-dependence the Gauss-Hermite functions instead of a simple Gaussian [3] :
If the size of the cavity is large compared to the wavelength, an even simpler approximation may be used using the approximation of high-number Bessel functions by the following Airy functions [22] :
As an illustration for these approximations we plot them together with numerically simulated in the COMSOL Multiphysics distributions for the main electric field component in spheroid and equivalent toroid. Reasonable agreement with both (practically coinciding) distributions can be seen (Fig. 2) . These approximations are useful for different applications; for example, for modeling of the Kerr combs to find the optical energy in the cavity:
and also effective the volume:
where we took into account that
, where T 0 m1 is the first root of the derivative of the Bessel function. Using approximations for the roots of the Bessel functions, we can get:
For crude estimates, it is also possible to consider that the field distribution in the radial direction is also approximately Gaussian: 
CONCLUSION
We compared two different quasi-classical methods based on WKB and EBK quantization that can be used to obtain approximations for the eigenfrequencies of WGM resonators. We found that the first method has simpler calculations and immediately provides the field distribution in a closed form; the EBK approach provides more accurate frequencies for nonelongated resonators. This method also allows for the correct estimation of the second-order dispersion for transversal modes. We obtained the new approximation [Eqs. (15)- (17)] more precisely than any proposed before that can be used for the calculation of frequencies in concave WGM microresonators, particularly in toroids [Eq. (19) ]. We compared the results of these approximations with numerical calculations and confirmed their high precision, reaching 7 decimal digits for not too flat 100 μm diameter resonators. At the same time, our approximations break down for very flattened resonators when the meridional radius of curvature of the surface is comparable to the wavelength. The problem of good approximations for this case is still unsolved. We also present approximations for the fields. 
